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Abstract

Discretizations of two-fluid flow problems in conservative formulation generally exhibit pressure oscillations. In this

work we show that these pressure oscillations are induced by the loss of a pressure-invariance property under dis-

cretization, and we introduce a non-oscillatory conservative method for barotropic two-fluid flows. The conservative

formulation renders the two-fluid flow problem suitable to treatment by a Godunov-type method. We present a

modified Osher scheme for the two-fluid flow problem. Numerical results are presented for a translating-interface test

case and a shock/interface–collision test case.

� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Flows of two immiscible contiguous fluids occur in a multitude of physical sciences and engineering

applications, e.g., water underlying air in ship hydrodynamics, gaseous bubbles in cavitating liquids

and fumes in petrolea. Such two-fluids can be construed as a single medium sustaining a discontinuity
at the interface. In the absence of viscosity, a two-fluid flow is then described by a system of hy-

perbolic conservation laws. The numerical treatment of two-fluid flows as a system of hyperbolic

conservation laws is referred to as interface capturing. For examples of interface capturing see, for

instance [5,17,21].

A common objection to conservative interface capturing is the occurrence of so-called pressure oscil-

lations. These pressure oscillations expose the loss of certain invariance properties of the continuum
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problem under discretization. Several correctives have been proposed to avoid pressure oscillations, e.g.,

(locally) non-conservative discretization methods [1,15,16,24], correction methods [14] and the ghost-fluid

method [6]. For an overview of these correctives, and of their merits and deficiencies, see [2] and, for

homentropic flows [18]. A characteristic of these methods is that at the interface the conservative formu-

lation is abandoned. Hence, these methods are generally non-conservative. Recently, enhancements of the

ghost-fluid method have been proposed, which retain conservation; see [7,22]. However, the interface

treatment of these methods is not trivial and further investigation is warranted.

It is commonly assumed that the loss of the aforementioned invariance properties is inherent to any
conservative formulation; see, e.g., [2,25]. However, since the invariance properties are intrinsic to the

continuum equations, irrespective of their form, we conjecture that it is possible to devise conservative

numerical schemes that inherit the necessary invariance properties.

The interface-capturing approach requires that the employed numerical techniques remain robust and

accurate in the presence of discontinuities. If one adheres to the conservative form of the equations, then

Godunov-type schemes [8] are particularly useful in these circumstances. Such schemes can be suitably

combined with finite volume methods and with discontinuous Galerkin finite element methods. For finite

volume methods, the schemes can be implemented with higher-order limited interpolation methods, to
achieve accuracy and secure monotonicity preservation in regions where large gradients occur (see, e.g.,

[29,30]). For discontinuous Galerkin methods, accuracy and monotonicity preservation can be obtained by

appropriate hp-adaptivity (see, e.g., [9,12]) and stabilization.
The present work considers the interface-capturing approach to solving two-fluid flow problems. We

investigate the pressure oscillations that are commonly incurred by discrete approximations of two-fluid

flow problems, and we present a non-oscillatory, conservative Godunov-type method for barotropic fluids.

Moreover, we set up a modified Osher-type flux-difference splitting scheme for the approximate solution of

the two-fluid Riemann problems. The novelty of our method is its pressure invariance in combination with
a formulation of the two-fluid flow problem as a system of hyperbolic conservation laws. It is generally

accepted that methods based on such a formulation necessarily exhibit pressure oscillations; our results

refute this.

The contents are organized as follows: Section 2 presents the governing equations for two-fluid flows. In

Section 3 we examine the pressure-oscillation phenomenon and we propose a non-oscillatory conservative

formulation. Section 4 presents the modified Osher scheme for barotropic two-fluids. Numerical experi-

ments and results are reported in Section 5. Section 6 contains concluding remarks.

2. Two-fluid flows

The basic notion underlying the interface capturing method, is that a flow of two contiguous, inviscid

compressible fluids can be construed as a flow of a single medium sustaining a discontinuity at the interface.

In this section we derive the two-fluid Euler equations from the Euler equations for the separate fluids and

the interface conditions.

2.1. Conservation laws

We consider flows of two contiguous inviscid compressible fluids. For convenience, we arbitrarily des-

ignate one of the fluids as the primary fluid and the other as the secondary fluid. For our purposes, it
suffices to consider a single spatial dimension. We refer to the corresponding spatial coordinate as x and to
the temporal coordinate as t. The fluids occupy an open bounded space/time domain X � fðx; tÞ 2 R2g,
which is the union of the disjoint open sets Xp and Xs, containing the primary and secondary fluid, re-
spectively, and the interface C :¼ �XXp \ �XXs (the overbar denoting closure); see Fig. 1.
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In both fluids the flow is characterized by the state variables q : X 7!Rþ and v : X7!R, representing

density and velocity, respectively. To facilitate the presentation of the governing equations, we introduce
the notation

q :¼ q
qv

� �
and fðqÞ :¼ q2

q22=q1 þ p

� �
; ð1Þ

where p refers to the pressure. Eq. (1) must be furnished with equations of state for the primary and
secondary fluid. Under the assumption that the fluids are barotropic (see, e.g., [32]), these equations of state

have the form p :¼ ppðqÞ and p :¼ psðqÞ. In a proper functional setting, conservation of mass and mo-
mentum in the fluids is expressed by the variational statementZ

X
wt � qþ wx � fðqÞdxdt ¼ 0; 8w 2 C1

0 Xp [ Xs
� �� �2

; ð2Þ

where C1
0 ðGÞ denotes the space of functions that have continuous partial derivatives of all orders

k ¼ 0; 1; 2; . . . and that have compact support in G.
Eq. (2) combines the weak formulation of the Euler equations for the primary and secondary fluid.

Because Xp and Xs are disjoint (Xp and Xs are contiguous at the interface, but the sets are open and
therefore do not overlap), it holds that ½C1

0 ðXp [ XsÞ�2 ¼ ½C1
0 ðXpÞ�

2 � ½C1
0 ðXsÞ�

2
. This implies that the

variational statement (2) ensures conservation of mass and momentum in each of the fluids separately.

2.2. Interface conditions

To present the interface conditions for the two-fluid flow, we define

ðx; tÞ� :¼ lim
�#0

ðx� �; tÞ; ðx; tÞ 2 C; ð3Þ

i.e., ðx; tÞ� and ðx; tÞþ are at the interface in the primary and secondary fluid, respectively. The interface
conditions for the two-fluid flow prescribe that the velocity and pressure are continuous across the inter-

face. In particular,

v
ðx;tÞþ

ðx;tÞ�

���� ¼ 0; ðx; tÞ 2 C; ð4aÞ

p
ðx;tÞþ

ðx;tÞ�

���� ¼ 0; ðx; tÞ 2 C: ð4bÞ

Fig. 1. The space/time domain X :¼ Xp [ Xs [ C.
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Eq. (4b) is referred to as the dynamic condition. Furthermore, the interface motion must comply with a

kinematic condition. To express this kinematic condition, we identify the interface by a level set

C :¼ fðx; tÞ 2 X : hðx; tÞ ¼ 0g;

with h 2 C1ðXÞ a suitably chosen function. We assume that hðXpÞ > 0 and hðXsÞ < 0. The kinematic in-
terface condition is stated

ht þ vhx ¼ 0; ðx; tÞ 2 X: ð4cÞ

Eq. (4c) implies that the interface moves with the local flow velocity and thus ensures immiscibility. Recall

that the velocity at the interface is uniquely defined by virtue of (4a).

2.3. Two-fluid Euler equations

To formulate the two-fluid Euler equations, it is important to note that the interface conditions (4a)–(4c)

imply that the Rankine–Hugoniot condition for discontinuities in hyperbolic systems (see, for instance [28])
is satisfied at the interface:

s qðx; tÞþ
�

� qðx; tÞ�
�
¼ f qðx; tÞþ
� �

� f qðx; tÞ�ð Þ; ðx; tÞ 2 C; ð5Þ

with s the shock speed. In particular, for the interface, s ¼ vðx; tÞ for ðx; tÞ 2 C. The variational statement (2)
subject to (5) is equivalent toZ

X
wt � qþ wx � fðqÞdxdt ¼ 0; 8w 2 C1

0 ðXÞ
� �2

: ð6Þ

Note that the functions w in (6) can have support across the interface, in contrast to (2). The equivalence is
founded on the classical principle that a piecewise continuous solution is a valid weak solution if and only if

it satisfies the Rankine–Hugoniot condition at discontinuities.

To obtain a conservative formulation of the two-fluid Euler equations, we must replace the noncon-

servative, advective form of the kinematic condition (4c) by a conservative equivalent. Under the conditions

imposed by (6), an appropriate replacement for (4c) isZ
X

kt qgðhÞ þ kx qgðhÞvdxdt ¼ 0; 8k 2 C1
0 ðXÞ; ð7aÞ

with h 7!gðhÞ a strictly monotone map with the property that for all k 2 C1
0 ðXÞ and for all admissible ðq; qvÞ

there exists a w 2 C1
0 ðXÞ such thatZ

X
wtq þ wx qvdxdt ¼

Z
X

kt gðhÞ
�

þ kg0ðhÞht

�
q þ kx gðhÞ

�
þ kg0ðhÞhx

�
qvdxdt: ð7bÞ

If g is a C1 map then kgðhÞ 2 C1ðXÞ and the identity (7b) follows by setting w ¼ kgðhÞ and invoking partial
differentiation. However, even if g is less regular, e.g., piecewise C1, then the condition can still be satisfied

if the derivatives are understood in a generalized sense. To establish that (6) and (7a) imply (4c), we note
that by (6) and (7b)Z

X
kt qgðhÞ þ kx qgðhÞvdxdt þ

Z
X

kx qg0ðhÞ htð þ vhxÞdxdt ¼ 0; 8k 2 C1
0 ðXÞ: ð8Þ

By virtue of (7a), the integrals in (8) must vanish separately. Therefore, Eqs. (6) and (7a) imply (4c)

weakly.
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To conclude the setup of the two-fluid Euler equations, we note that the interface conditions (4a)–(4c)

are identical to the continuity conditions for contact discontinuities; see, e.g., [28,32]. Therefore, the two-

fluid flow problem can be condensed into the variational statementZ
X
wt � qþ wx � fðqÞdxdt ¼ 0; 8w 2 C1

0 ðXÞ
� �3

; ð9aÞ

where

q :¼
q
qv

qgðhÞ

0
@

1
A and fðqÞ :¼

q2
q22=q1 þ p
q3q2=q1

0
@

1
A; ð9bÞ

with the provision that h can only change sign across a contact discontinuity, i.e., that the interface co-
incides with a contact discontinuity. In Section 4.2 we shall show that (9a) and (9b) indeed comply with the

latter requirement.

Eqs. (9a) and (9b) must be equipped with a compound equation of state of the form p :¼ pðq; hÞ with the
property

pðq; hÞ :¼ ppðqÞ if h > 0;
psðqÞ if h < 0:



ð10Þ

One may note that in (9a)–(10), h only acts as an intermediary between g and p. Therefore, h does not have
to appear explicitly in the formulation.

3. Pressure oscillations

A common objection to interface capturing is the occurrence of pressure oscillations. These pressure

oscillations expose the loss of the pressure-invariance property of the continuum problem under discreti-

zation. Below, we exemplify the pressure oscillations and we derive a pressure-invariance condition for

discrete approximations to two-fluid flow problems. Furthermore, we construct a non-oscillatory conser-

vative discretization for barotropic two-fluid flows.

3.1. Exemplification

The ensuing exemplification has appeared in similar form in, e.g., [2,18,25] and is merely included here
for completeness.

To illustrate the pressure oscillations that are generally incurred by conservative discretizations of two-

fluid flow problems, we consider (9a) and (9b) on X :¼ L��0;1½, with L an open bounded subset of R.

We assign g as the primary volume fraction. In particular, this implies

gðhÞ :¼ 1 if h > 0;
0 otherwise:



ð11Þ

The compound equation of state is specified accordingly as

qðp; hÞ ¼ gðhÞqpðpÞ þ 1ð � gðhÞÞqsðpÞ; ð12Þ

with qpðpÞ and qsðpÞ the equations of state for the primary and secondary fluid. In fact, (12) provides a
definition of the volume fraction in terms of p and q; see also Section 3.3. We allude to the fact that h can be
removed from the formulation and we suppress the dependence of g on h below.
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The spatial intervalL is subdivided into open intervalsLj :¼�xj; xjþ1½ with j ¼ 1; . . . ; n and (9a)–(12) is
supplemented with the initial conditions

qðx; 0Þ ¼ q0j ; vðx; 0Þ ¼ V ; gðx; 0Þ ¼ g0j ; x 2�xj; xjþ1½; j ¼ 1; . . . ; n; ð13aÞ

with V an arbitrary positive constant and q0j and g0j constants such that

q0j ¼ g0j qpðP Þ þ ð1� g0j ÞqsðPÞ; ð13bÞ

for some constant P . The Eqs. (9a)–(13b) represent a two-fluid flow in which the velocity v is uniform and in
which the density q and the primary volume fraction g are such that the pressure p is uniform as well.
The obvious solution to (9a)–(13b) is given by

qðx; tÞ ¼ qðx� Vt; 0Þ: ð14Þ

The pressure pðx; tÞ corresponding to (14) follows from the compound equation of state:

qðx; tÞ ¼ gðx; tÞqpðpðx; tÞÞ þ ð1� gðx; tÞÞqsðpðx; tÞÞ: ð15Þ

By (14) and (15),

qðx� Vt; 0Þ ¼ gðx� Vt; 0Þqpðpðx; tÞÞ þ ð1� gðx� Vt; 0ÞÞqsðpðx; tÞÞ; ð16Þ

and it follows that pðx; tÞ ¼ P . In conclusion, if the initial velocity and pressure are uniform, then the
pressure is invariant under (9a) and (9b).

To illustrate the loss of the pressure-invariance property, we consider the discretization of (9a)–(13b) on

the grid fðxj; tkÞ : j ¼ 1; . . . ; n; k ¼ 1; 2; . . .g (t0 ¼ 0 and tk < tkþ1) by means of the discontinuous Galerkin
finite element method with piecewise constants:

qkþ1j � qkj

tkþ1 � tk
þ
fðqkj ; qkjþ1Þ � fðqkj�1; qkj Þ

xjþ1 � xj
¼ 0; k ¼ 0; 1; . . . ð17Þ

This discretization is a first-order forward Euler finite-volume discretization. We specify the initial con-

ditions q0j ¼ ðq0j ; q0j V ; q0j g
0
j Þ
T
, in conformity with (13a) and (13b). In (17), fðqkj ; qkjþ1Þ refers to the

numerical flux (see, e.g., [11]) between the elements Lj and Ljþ1. The grid function qkj is a piece-
wise constant approximation to qðx; tkÞ according to (14) in the interval Lj.

The states q0j and q0jþ1 (j ¼ 1; . . . ; n� 1) are connected by a contact discontinuity with velocity V . The
corresponding Godunov flux becomes

f q0j ; q
0
jþ1

� �
¼ V

q0j
q0j V
q0j g

0
j

0
B@

1
CAþ

0

P
0

0
@

1
A: ð18Þ

Expression (18) is also valid for any approximate Riemann solver that features an exact representation of

contact discontinuities, such as Osher�s scheme. From Eqs. (17) and (18) it follows that

q1j ¼ q0j � C q0j

�
� q0j�1

�
; ð19aÞ

with

C :¼ V ðt1 � t0Þ=ðxjþ1 � xjÞ; ð19bÞ

the local CFL-number. From Eqs. (19a), (19b) and (13b) we obtain, successively,
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q1j ¼ q0j � C q0j

�
� q0j�1

�
¼ g�j qpðP Þ þ 1

�
� g�j

�
qsðP Þ; ð20aÞ

with

g�j :¼ g0j � C g0j
�

� g0j�1
�
: ð20bÞ

Comparing (20a) and (20b) to (13b), we infer that a necessary and sufficient condition for pressure in-

variance of the discrete approximation is g1j ¼ g�j . However, conversely, from (13b) and (19a), (19b) we
obtain

g1j ¼
ð1� CÞðg0j Þ

2 þ Cðg0j�1Þ
2

� �
qp þ ð1� CÞg0j ð1� g0j Þ þ Cg0j�1ð1� g0j�1Þ

� �
qs

g0j � Cðg0j � g0j�1Þ
� �

qp þ 1� g0j � Cðg0j � g0j�1Þ
� �� �

qs
; ð21Þ

with qp=s :¼ qp=sðP Þ. In general, g1j 6¼ g�j and, hence, the discrete approximation from (17) lacks the pressure-
invariance property of the continuum Eqs. (9a) and (9b). Trivial exceptions are: C ¼ 0 () q1j ¼ q0j ), C ¼ 1
() q1j ¼ q0j�1), g

0
j ¼ g0j�1 () q0j ¼ q0j�1) and qp ¼ qs.

It is noteworthy that if ðqgÞt þ ðqgvÞx ¼ 0 in (9a) and (9b) is replaced by

gt þ vgx ¼ 0; x 2 L; tP 0; ð22Þ

then, subject to the initial conditions (13a) and (13b), the first-order forward Euler discretization yields

g1j ¼ g0j � Cðg0j � g0j�1Þ: ð23Þ

Hence, g1j ¼ g�j , and pressure invariance is maintained. However, Eq. (22) is in non-conservative form. The
pressure invariance is in this case achieved at the expense of the conservative form of the equations.

3.2. Pressure-invariance condition

The implications of the above exemplification are restricted: the analysis does not imply that pressure

oscillations are inherent to conservative discretizations of two-fluid flow problems. It merely implies that

discrete approximations to two-fluid flow problems do not necessarily inherit the pressure-invariance
property of the continuum equations.

To avoid pressure oscillations, discrete approximations of two-fluid flow problems must comply with a

pressure-invariance condition. This condition is also mentioned in [25] in the context of a not-strictly-con-

servative method for multi-fluid flows with a stiffened-gas equation of state; see also [3,26,27]. Below we

formulate the pressure-invariance condition for strictly conservative hyperbolic systems conform (9a) and

(9b), provided with a compound equation of state of the form pðq; hÞ. We do not yet attach a specific
connotation to g.
The pressure-invariance condition for discretizations of (9a) and (9b) is stated: If vkj ¼ V , with V a

constant, and qk
j and hk

j satisfy

pðqk
j ; h

k
j Þ ¼ P ; ð24aÞ

for some constant P , then p is invariant under the characteristic mapping of the discretization, i.e.,

pðqkþ1
j ; hkþ1

j Þ ¼ P : ð24bÞ

In fact, g1j ¼ g�j , with g�j according to Eq. (20b), is an implementation of the pressure-invariance con-
dition for a compound equation of state conform (12) and the first-order forward Euler discretization (17).
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3.3. A non-oscillatory conservative scheme

To set up a pressure-invariant discretization for two-fluid flow problems, we consider two distinct

compressible fluids with barotropic equations of state qpðpÞ and qsðpÞ. For given density and pressure, the
primary volume fraction a is implicitly defined by

qðx; tÞ ¼ aðx; tÞqpðpðx; tÞÞ þ ð1� aðx; tÞÞqsðpðx; tÞÞ: ð25Þ

Under the assumption qpðpÞ 6¼ qsðpÞ, Eq. (25) uniquely defines a. However, a does not appear in our final
formulation and we do not rely on its unicity.

We also require the primary and secondary partial densities, defined as

q0
p :¼ aqp and q0

s :¼ ð1� aÞqs; ð26Þ

respectively. In terms of these partial densities, conservation of mass, for each fluid separately, is expressed

by

ðq0
pÞt þ ðq0

pvÞx ¼ 0 and ðq0
sÞt þ ðq0

svÞx ¼ 0: ð27Þ

Furthermore, the compound density satisfies q ¼ q0
p þ q0

s. Hence, if we assign g as the primary mass

fraction,

g :¼ q0
p=q; ð28Þ

then conservation of mass, for each of the fluids separately, and conservation of momentum can be con-

densed into the form (9a) and (9b).
The compound equation of state associated with g according to (28) is implicitly given by

qg ¼ aqpðpÞ; ð29aÞ

q � qg ¼ ð1� aÞqsðpÞ: ð29bÞ

Eqs. (29a) and (29b) follows from qg ¼ q0
p and q � qg ¼ q0

s and (26). Elimination of a yields the convenient
form

1

q
¼ g

qpðpÞ
þ 1� g

qsðpÞ
: ð30Þ

The first-order forward Euler discretization of (9a) and (9b) with the compound equation of state (29a)

and (29b) or (30) satisfies the pressure-invariance condition. To corroborate this assertion, we note that if

vkj ¼ V and pðqk
j ; g

k
j Þ ¼ P , i.e.,

qk
j g

k
j ¼ ak

jqpðP Þ; ð31aÞ

qk
j � qk

j g
k
j ¼ ð1� ak

j ÞqsðP Þ; ð31bÞ

for all j ¼ 1; . . . ; n, then the forward Euler discretization (17) with the numerical flux (18) yields

qkþ1
j ¼ qk

j � C qk
j

�
� qk

j�1

�
; ð32aÞ

qkþ1
j gkþ1j ¼ qk

j g
k
j � C qk

j g
k
j

�
� qk

j�1g
k
j�1

�
; ð32bÞ

296 E.H. van Brummelen, B. Koren / Journal of Computational Physics 185 (2003) 289–308



with C defined by (19b). From (31a)–(32b) it follows that

qkþ1
j gkþ1j ¼ akþ1

j qpðP Þ; ð33aÞ

qkþ1
j � qkþ1

j gkþ1j ¼ ð1� akþ1
j ÞqsðP Þ; ð33bÞ

with

akþ1
j :¼ ak

j � C ak
j

�
� ak

j�1

�
: ð33cÞ

The compound equation of state (29a) and (29b) thus yields pðqkþ1
j ; gkþ1j Þ ¼ P .

Summarizing Sections 3.1–3.3, we conclude that if g represents the primary volume fraction and the
compound equation of state is specified accordingly as (12), then the discretization does not comply with

the pressure-invariance condition. In contrast, if g is the primary mass fraction and the compound equation
of state is given by (30), then the pressure-invariance condition is satisfied.

4. A modified Osher scheme for two-fluids

By virtue of its conservative form, the pressure-invariant formulation from Section 3.3 is ideally suited to

treatment by Godunov-type methods. To avoid the computational expenses of solving the associated

Riemann problems, below we set up an approximate Riemann solver for the two-fluid flow problem. The

approximate Riemann solver is of Osher type. As a digression, we show that the interface indeed appears as

a contact discontinuity, both in the exact Riemann solution and in the rarefaction-waves-only approxi-

mation that underlies Osher�s scheme.
We emphasize that the choice of the approximate Riemann solver does not affect the pressure invariance;

the invariance is ensured by the specific choice (28) for g and the corresponding compound equation of state
(30). Any other approximate Riemann solver that resolves contact discontinuities exactly could have been

selected here, e.g., Roe�s scheme or the AUSM scheme.

4.1. The two-fluid Riemann problem

We consider (9a) and (9b) provided with a compound equation of state of the form p :¼ pðq; gÞ, e.g., Eq.
(30). The formal dependence of g on h in (9a) and (9b) can be ignored. The corresponding Riemann
problem is defined on the half-space X :¼ f�1 < x < 1; 0 < t < 1g and is obtained by imposing the
discontinuous initial conditions

qðx; 0Þ :¼ qL if x < 0;
qR otherwise;



ð34Þ

for certain constant left and right states qL and qR.

The properties of the Riemann problem and its solution are classical; see, e.g., [28]. This paragraph

serves to collect the essentials for the ensuing presentation and contains the specifics for the two-fluid flow

problem.
To obtain the Riemann solution for the two-fluid Euler equations, we need the Jacobian of fðqÞ:

AðqÞ :¼ ofðqÞ
oq

¼
0 1 0

�ðq22 þ c22q3Þ=q21 þ c21 2q2=q1 c22=q1
�q3q2=q21 q3=q1 q2=q1

0
@

1
A; ð35aÞ
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with

c1ðq; gÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
opðq; gÞ=oq

p
and c2ðq; gÞ :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
opðq; gÞ=og

p
: ð35bÞ

Its eigenvalues are

k1 :¼ q2=q1 � c1; k2 :¼ q2=q1; and k3 :¼ q2=q1 þ c1; ð36Þ

and the corresponding eigenvectors are

r1 :¼
1

q2=q1 � c1
q3=q1

0
@

1
A; r2 :¼

q1
q2

�ðc1=c2Þ2q21 þ q3

0
@

1
A; and r3 :¼

1
q2=q1 þ c1

q3=q1

0
@

1
A: ð37Þ

The eigenpairs ðkk; rkÞ are genuinely nonlinear for k ¼ 1; 3 and linearly degenerate for k ¼ 2 (cf. [19] for a
definition of these classifications). The genuinely nonlinear eigenpairs are related to rarefaction waves and

shock waves. The linearly degenerate eigenpair corresponds to a contact discontinuity.

For any admissible state qA we associate two paths in state space with each eigenpair: the k-shock path
and the k-rarefaction path. The k-shock path is defined as

SkðqAÞ :¼ q 2 R3 : sðq; qAÞðq
�

� qAÞ ¼ fðqÞ � fðqAÞ; sðq; qAÞ ! kkðqAÞ as q ! qA
�
; ð38Þ

where sðq; qAÞ is referred to as the k-shock speed. The k-rarefaction path is defined as

RkðqAÞ :¼ q 2 R3 : q
�

¼ hðnÞ; n 2 R
�
; ð39aÞ

with hðnÞ the solution to the ordinary differential equation

h0ðnÞ ¼ rkðhðnÞÞ=bðhðnÞÞ; subject to h kkðqAÞð Þ ¼ qA; ð39bÞ

with b :¼ @qkkðqÞ � rkðqÞ for the genuinely nonlinear eigenpairs and b :¼ 1 for the linearly degenerate ei-
genpair. Note that kkðhðnÞÞ ¼ n for the genuinely nonlinear eigenpairs.
The Riemann solution can be constructed by means of the shock and rarefaction paths. The solution is

constant in four (possibly empty) disjoint subsets of X. The constant states are denoted by qk=3,

k ¼ 0; 1; 2; 3. Furthermore, we set q0 :¼ qL and q1 :¼ qR. We refer to q1=3 and q2=3 as intermediate states. By

connecting each pair of consecutive states by either a shock or a rarefaction path, we can connect q0 to q1.

The unique sequence of paths that satisfies kkðqðk�1Þ=3Þ > kkðqk=3Þ if qðk�1Þ=3 and qk=3 are connected bySk and

kkðqðk�1Þ=3Þ6 kkðqk=3Þ if qðk�1Þ=3 and qk=3 are connected by Rk corresponds to the Riemann solution. If

kkðqðk�1Þ=3Þ ¼ kkðqk=3Þ then the shock and rarefaction paths coincide and we opt for a rarefaction-path
connection. This situation occurs for the contact discontinuity.
Recalling that the Riemann solution assumes the similarity form qðx; tÞ ¼ qðx=tÞ (see, e.g., [28]), we

obtain

qðx; tÞ :¼ qðx=tÞ ¼

q0 if x=t < rþ
0 ;

qk=3 if r�
k < x=t < rþ

k ;
hkðx=tÞ if rþ

k�1 < x=t < r�
k ;

q1 if x=t > r�
3 ;

8>><
>>: ð40aÞ

where hk :¼ h according to (39b) with qA :¼ qðk�1Þ=3 and

rþ
k ¼ kkþ1ðqk=3Þ if kkþ1ðqk=3Þ6 kkþ1ðqðkþ1Þ=3Þ;

skþ1 otherwise;



ð40bÞ
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r�
k ¼ kkðqk=3Þ if kkðqk=3ÞP kkðqðk�1Þ=3Þ;

sk otherwise:



ð40cÞ

An example of the solution (40a)–(40c) is presented in Fig. 2.

4.2. Riemann invariants

To each k-rarefaction path corresponds a set of Riemann invariants, i.e., functions which are invariant on

Rk. These Riemann invariants allow us to conveniently determine the intermediate states in the rarefaction-

waves-only approximation to the Riemann solution that underlies Osher�s scheme. Moreover, by means of
the Riemann invariants and a simple argument for shocks, we can show that the interface indeed appears as
a contact discontinuity (cf. Section 2.3).

Consider the eigenvectors (37). A k-Riemann invariant for the two-fluid Euler equations (9a) and (9b) is
any continuously differentiable function wk : R

3 7!R with the property

@qwkðqÞ � rkðqÞ ¼ 0: ð41Þ

There are at most two such k-Riemann invariants with linearly independent partial derivatives. Note that
for the linearly degenerate eigenpair the eigenvalue is a Riemann invariant.

To derive the 1-Riemann invariants, we first solve the system of ordinary differential equations

h0ðnÞ ¼ rkðhðnÞÞ; subject to hð0Þ ¼ h0; ð42Þ

with k ¼ 1:

h1ðnÞ ¼ n þ h01; ð43aÞ

h2ðnÞ ¼ h1ðnÞ
h02
h01

 
�
Z h1ðnÞ

h0
1

c1ðxÞ
x

dx

!
; ð43bÞ

h3ðnÞ ¼ ðh03=h01Þn þ h03; ð43cÞ

with c1ðxÞ :¼ c1 h1ðxÞ; h3ðxÞ=h1ðxÞð Þ. The 1-Riemann invariants can be obtained by constructing n-inde-
pendent functions of hjðnÞ, j ¼ 1; 2; 3. The invariants thus obtained are presented in (48a) and (48b). Note

Fig. 2. Illustration of a two-fluid Riemann solution: an expansion fan (shaded) connects q0 to q1=3, a contact discontinuity (dashed)

connects q1=3 to q2=3 and a shock discontinuity (solid) connects q2=3 to q1.
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that by virtue of the similitude of r1 and r3, the 3-Riemann invariants can be chosen identical to the 1-

Riemann invariants with c1 replaced by �c1.
To derive the 2-Riemann invariants, we solve (42) for k ¼ 2. Obviously,

h1ðnÞ ¼ h01e
n and h2ðnÞ ¼ h02e

n: ð44Þ

To determine h3ðnÞ, we recall that c1 and c2 are defined by (35b). Therefore, Eq. (42) yields

h03D2p þ D1p � h3D2p ¼ 0; ð45Þ

where Dj denotes differentiation with respect to the jth argument. Moreover, from p :¼ pðh1; h3=h1Þ we
obtain

dp
dn

¼ h01 D1p
�

� h3D2p
h21

�
þ h03

D2p
h1

: ð46Þ

Eqs. (44)–(46) imply that dp=dn ¼ 0, i.e., p is a 2-Riemann invariant and h3ðnÞ is implicitly specified by

p h1ðnÞ; h3ðnÞ=h1ðnÞð Þ ¼ p h01; h
0
3=h

0
1

� �
: ð47Þ

From (44)–(47) we infer that p and q2=q1 are 2-Riemann invariants. Indeed, the linearly degenerate ei-
genvalue k2 :¼ q2=q1 is a 2-Riemann invariant.
Summarizing, we can associate the following Riemann invariants with the two-fluid Euler equations (9a)

and (9b) with a compound equation of state of the form p :¼ pðq; gÞ:

w21 ¼ vþ Wðq; gÞ; w31 ¼ g; w12 ¼ v; w32 ¼ p; w13 ¼ v� Wðq; gÞ; w23 ¼ g; ð48aÞ

where

Wðq; gÞ :¼
Z q

q0

c1ðx; gÞ
x

dx; ð48bÞ

with q0 an arbitrary positive real constant.
It is important to note that g is a Riemann invariant for the genuinely nonlinear eigenpairs (k ¼ 1; 3)

and that p and v are Riemann invariants for the linearly degenerate eigenpair (k ¼ 2). In the absence of
shocks, this implies that the change in g associated with the fluid transition at the interface can only
occur across the contact discontinuity and, moreover, that the interface conditions (4a)–(4c) are indeed

satisfied.

To demonstrate that g is also invariant across genuine (non-degenerate) shocks, we note that

s ðq � qAÞ ¼ qv� qAvA ) s ðqgA � qAgAÞ ¼ qgAv� qAgAvA; ð49Þ

for any constant gA. From (38) and (49) we can infer that there exist two shock paths on which g is in-
variant. Moreover, the shock path and rarefaction path of the degenerate shock (k ¼ 2) coincide. Because g
is not a 2-Riemann invariant, g can vary on the 2-shock path. Therefore, the shock paths on which g is
invariant must be the 1- and 3-shock paths. These paths correspond to genuine shocks. The invariance of g
on the 1- and 3-shock paths implies that the fluid transition at the interface cannot occur across a genuine

shock.

4.3. Rarefaction-waves-only approximation

In Section 4.1 it was shown that the intermediate states in the Riemann solution are connected by shock

and rarefaction paths. A rarefaction-waves-only approximation is obtained by replacing the shock paths by
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rarefaction paths. Shock discontinuities in the Riemann solution are then approximated by so-called

overturned rarefaction waves; see, e.g., [20].

The intermediate states in the rarefaction-waves-only approximation can be conveniently determined by

means of the Riemann invariants. Supposing the approximate intermediate states ~qqðl�1Þ=n and ~qql=n are
connected by RkðlÞ, with k : f1; 2; 3g7!f1; 2; 3g a bijection,

wm
kðlÞ ~qqðl�1Þ=3

� �
¼ wm

kðlÞ ~qql=3

� �
; l;m ¼ 1; 2; 3; m 6¼ kðlÞ; with ~qq0 :¼ qL and ~qq1 :¼ qR: ð50Þ

Usual choices for the ordering of the paths are the O-variant kðlÞ :¼ 4� l (see [23]) and the P-variant
kðlÞ :¼ l (see [10]). The O-variant and the P-variant have mutually reversed orderings. Throughout, we
presume a P-variant ordering.

Eq. (50) represents a system of nonlinear equations, from which the approximate intermediate states ~qq1=3
and ~qq2=3 have to be extracted. Using the expressions for the Riemann invariants (48a) and (48b), it is easy to
show that the Jacobian matrix corresponding to (50) is nonsingular. Therefore, by the inverse function

theorem, Eq. (50) is indeed solvable.

To establish the accuracy of the approximate intermediate states from (50), we recall from [28] that the

change in the k-Riemann invariants across a k-shock with strength l is Oðl3Þ as l ! 0, with the k-shock
strength defined as the change in the eigenvalue kk across the shock. It follows that for sufficiently weak

shocks, i.e., if l :¼ supk¼1;3ðkkðqðk�1Þ=3Þ � kkðqk=3ÞÞ is sufficiently small, the error in the approximate inter-
mediate states is only Oðl3Þ as well. Moreover, in the absence of shocks, the approximation according to
(50) is even exact. If strong shocks impair the accuracy of the numerical solution, then an approximate

Riemann solver which is suitable for shocks, or even an exact Riemann solver, should be applied.

From (48a), (48b) and (50) we obtain

~gg1=3 ¼ gL; ~gg2=3 ¼ gR; and ~vv1=3 ¼ ~vv2=3 ¼: ~vv1=2; ð51Þ

and, in turn,

~vv1=2 þ
Z ~qq1=3

qL

c1ðq; gLÞ
q

dq ¼ vL; ð52aÞ

~vv1=2 �
Z ~qq2=3

qR

c1ðq; gRÞ
q

dq ¼ vR; ð52bÞ

pð~qq1=3; gLÞ ¼ pð~qq2=3; gRÞ ð¼: ~pp1=2Þ: ð52cÞ

For a compound equation of state of the form q :¼ qðp; gÞ, e.g., Eq. (30), these conditions for the inter-
mediate states can be cast in a convenient form. To derive this form, we use Eq. (35b) and the transfor-

mation q :¼ qðp; hÞ to obtain, successively,

Z qb

qa

c1ðq; gÞ
q

dq ¼
Z qb

qa

1

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
opðq; gÞ

oq

s
dq ¼

Z pb

pa

1

qðp; gÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
oqðp; gÞ

op

s
dp; ð53Þ

for any qa; qb 2 Rþ and corresponding pa; pb. Eqs. (52a)–(53) imply

Z ~pp1=2

pL

1

qðp; gLÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
oqðp; gLÞ

op

s
dp þ

Z ~pp1=2

pR

1

qðp; gRÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
oqðp; gRÞ

op

s
dp ¼ vL � vR: ð54Þ
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Eq. (54) presents a concise condition for the intermediate pressure ~pp1=2. Once the intermediate pressure has
been extracted from (54), the intermediate densities follow from the compound equation of state and ~vv1=2 is
obtained from (52a) or (52b) in a straightforward manner.

It is noteworthy that (54) is well suited to treatment by numerical approximation techniques. In par-

ticular, the derivatives of the integrals with respect to ~pp1=2, which are required in Newton�s method, are
simply the integrands evaluated at ~pp1=2. Moreover, for a given approximation to ~pp1=2, the integrals can be
evaluated by a standard numerical integration method (see, e.g., [13]).

4.4. The modified Osher scheme

The numerical flux in Osher�s scheme [23] is determined by

fOðqL; qRÞ :¼
1

2
fðqLÞ þ

1

2
fðqRÞ �

1

2

X3
l¼1

dl; ð55aÞ

with

dl :¼
Z 1

0

A hðnÞð Þj j � rkðlÞ hðnÞð Þdn; ð55bÞ

where hðnÞ refers to a parametrization of the section of the kðlÞ-rarefaction path between ~qqðl�1Þ=3 and ~qql=3
and

jAðqÞj :¼ r1; r2; r3ð Þ � diag jk1j; jk2j; jk3jð Þ � r1; r2; r3ð Þ�1; ð55cÞ

with the eigenvalues and eigenvectors according to (36) and (37), their dependence on q being suppressed

for transparency. The numerical flux (55a)–(55c) approximates fðqð0ÞÞ with qðx=tÞ the Riemann solution in
similarity form according to (40a)–(40c).
From Eqs. (55b) and (55c) it follows that

dl ¼
Z 1

0

sign kkðlÞðhðnÞÞ
� �

A hðnÞð Þ � rkðlÞ hðnÞð Þdn: ð56Þ

If kkðlÞ in (56) does not change sign on the integration interval, then the integral evaluates to

dl ¼ sign kkðlÞð~qqðl�1Þ=nÞ
� �

fð~qql=nÞ
�

� fð~qqðl�1Þ=nÞ
�
; ð57Þ

whereas if kkðlÞ changes its sign once, say at ~qq� (i.e., kkðlÞð~qq�Þ ¼ 0), then

dl ¼ sign kkðlÞð~qqðl�1Þ=nÞ
� �

fð~qq�Þ
��

� fð~qqðl�1Þ=nÞ
�
� fð~qql=nÞ
�

� fð~qq�Þ
��

: ð58Þ

Under the condition 0 < k2ð~qq1=3Þ ¼ k2ð~qq2=3Þ < k3ð~qq2=3Þ; k3ð~qq1Þ, we can then derive three generic cases

fOðqL; qRÞ ¼
fð~qq�Þ if k1ð~qq0Þ < 0 < k1ð~qq1=3Þ;
fð~qq1=3Þ if k1ð~qq0Þ < k1ð~qq1=3Þ < 0;
fð~qq0Þ þ fð~qq1=3Þ � fð~qq�Þ if k1ð~qq0Þ > 0 > k1ð~qq1=3Þ:

8><
>: ð59Þ

Comparison to the corresponding fðqð0ÞÞ shows that fOðqL; qRÞ is accurate in the first two cases, in par-
ticular, the error is then Oðl3Þ, and inaccurate in the third case, the error then being OðlÞ; see also [4]. This
failure of Osher�s scheme is exemplified by means of the Burgers equation in [20].
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To avoid the aforementioned deficiency of Osher�s scheme, we propose a modification of the scheme.
The rarefaction-waves-only approximation is maintained. However, the overturned-rarefaction-wave rep-

resentation of shocks in the approximate Riemann solution is avoided. Instead, the intermediate states from

(50), with a presumed P-variant ordering of the subpaths, are used to construct the approximate Riemann

solution

~qqðx=tÞ :¼

~qq0 if x=t < ~rrþ
0 ;

~qqk=3 if ~rr�
k < x=t < ~rrþ

l ;
hkðx=tÞ if ~rrþ

k�1 < x=t < ~rr�
k ;

~qq1 if x=t > ~rr�
3 ;

8>>><
>>>:

ð60aÞ

where hk :¼ h according to (39b) with qA :¼ ~qqðk�1Þ=3 and

~rrþ
k :¼ kkþ1ð~qqk=3Þ if kkþ1ð~qqk=3Þ6 kkþ1ð~qqðkþ1Þ=3Þ;

~sskþ1 otherwise;



ð60bÞ

~rr�
k :¼ kkð~qqk=3Þ if kkð~qqk=3ÞP kkð~qqðk�1Þ=3Þ;

~ssk otherwise;



ð60cÞ

~ssk :¼
1

2
kkð~qqðk�1Þ=3Þ þ

1

2
kkð~qqk=3Þ: ð60dÞ

The numerical flux is subsequently computed as fOMðqL; qRÞ :¼ fð~qqð0ÞÞ.
Comparison of the approximate Riemann solution (60a)–(60d) with the exact Riemann solution (40a)–

(40c) shows that ~ssk acts as an approximation to the shock speed. In [28] it is proved that the speed of a
shock with strength l is equal to the average of the eigenvalues on either side of the shock and a remainder
of Oðl2Þ, as l ! 0.

5. Numerical experiments and results

To test the non-oscillatory conservative scheme from Section 3.3, equipped with the modified Osher

scheme from Section 4.4 for the numerical fluxes, we consider two test cases. The first test case is a Riemann

problem in which the initial velocity and pressure are uniform. Its solution corresponds to a translation of

the interface. This test case serves to verify the pressure invariance of the method. The second test case

concerns a Riemann problem associated with the collision of a shock with the interface. As a result of the
interaction of the shock and the interface, both the conservation properties and the pressure invariance of

the method are relevant in this case. Moreover, test case II is used to verify the asymptotic behavior of the

error in the approximate intermediate states and in the shock-speed approximation, as the shock strength

vanishes; refer to Section 4.

5.1. Test case I

We consider the two-fluid Euler equations (9a) and (9b), provided with the compound equation of state

(30). The primary and secondary fluid comply with Tait�s equation of state (see, e.g., [31]):

qp=sðpÞ :¼ q0p=s
ðp=p0Þ þ gp=s
1þ gp=s

 !1=cp=s
; ð61Þ
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with p0 (:¼ 1) an appropriate reference pressure, q0p=s the corresponding densities of the primary and sec-
ondary fluid and gp=s P 0 and cp=s > 1 fluid-specific constants. The constants used in the numerical ex-
periments are listed in Table 1. These constants are chosen such that the primary fluid models water and the

secondary fluid models air in homentropic flow. Appropriate constants for other fluids are provided in [31].

Test case I concerns a Riemann problem with

q
v
g

0
@

1
A
0

:¼
1

102

1

0
@

1
A and

q
v
g

0
@

1
A
1

:¼
10�3

102

0

0
@

1
A: ð62Þ

So, pðx; 0Þ ¼ 1 and vðx; 0Þ ¼ 100 for all x, i.e., the pressure and velocity are uniform. The solution then
corresponds to a translation of the interface.

The two-fluid flow problem is discretized by means of a Godunov-type finite volume method, with the

numerical fluxes based on the modified Osher scheme from Section 4.4. Instead of a first-order discreti-

zation conform (17), we use a limited second order scheme with the minmod limiter (see, e.g., [32]). The

intermediate pressure ~pp1=2 is solved from (54) by means of Newton�s method. The integrals in (54) are
approximated by 16-point Gauss quadrature. We use a uniform grid with mesh width h ¼ 2�6. The time
step is set to s ¼ 2�9h.
Fig. 3 plots the results for test case I. The initial position of the interface is set at x ¼ 0. The results

confirm the pressure invariance of the scheme.

5.2. Test case II

Test Case II is illustrated in Fig. 4. The equation of state of the primary and secondary fluid is specified

by (61) with the same constants as in Test Case I (Table 1). The states q0, qI, and q1 are determined by

Table 1

Constants in Tait�s equation of state (61)

q0p gp cp q0s gs cs

1 3000 7 10�3 0 7/5

Fig. 3. Test case I: Computed result (markers only) and exact solution (solid line). (a) Pressure at t ¼ 0:01, (b) density at t ¼ 0:01.
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q
v
g

0
@

1
A
0

:¼
1:000427 . . .
0:062042 . . .

1

0
@

1
A;

q
v
g

0
@

1
A

I

:¼
1

0

1

0
@

1
A; and

q
v
g

0
@

1
A
1

:¼
10�3

0

0

0
@

1
A: ð63Þ

The pressure corresponding to q0 is ppðq0Þ ¼ 10. The states q0 and qI in the primary fluid (water) are

connected by a 3-shock with speed sp ¼ 145:062002 . . . and qI is connected to q1 by a steady contact dis-

continuity, representing the interface. At time t ¼ 0, the shock collides with the interface, which is set at
x ¼ 0 (see Fig. 4). The states q0 and q1 are then contiguous and, hence, the collision induces a Riemann

problem. The corresponding Riemann solution assumes the form of a reflected rarefaction wave, a moving

interface and a transmitted shock with speed ss ¼ 37:491063 . . . ð¼ rþ
2 ¼ r�

3 Þ.
The details of the setup of the numerical experiment for test case II are identical to test case I. In Fig. 5

we have plotted the results for test case II. The numerical results exhibit good agreement with the exact

Riemann solution. We also monitored the mass-conservation errors for the two fluids separately and the

momentum-conservation error for this test case: these errors are indeed of the order of the machine pre-

cision (results not displayed).
Furnished with different settings of the parameters, test case II can be used to verify the asymptotic

behavior of the error in the intermediate states of the rarefaction-waves-only approximation and the error

in the shock speed, as the shock strength vanishes (cf. Sections 4.3 and 4.4). For this purpose, we consider

different states q0 on the 3-shock path through qI. These states are characterized by the corresponding

pressure. We then determine the intermediate states of the actual Riemann solution, q1=3 and q2=3, by means

of the appropriate shock and rarefaction relations and, subsequently, the corresponding intermediate

pressure p1=2 and the shock strengths lp :¼ k3ðq0Þ � k3ðqIÞ and ls :¼ k3ðq2=3Þ � k3ðq1Þ. The approximate
intermediate pressure is extracted from (54). Furthermore, we determine the exact shock speeds sp and ss
and their approximations according to ðk3ðq0Þ þ k3ðqIÞÞ=2 and ðk3ðq2=3Þ þ k3ðq1ÞÞ=2, respectively. The re-
sults are listed in Table 2. The entries in columns 4 and 6 confirm that p0 :¼ ~pp1=2 � p1=2 / l3p as lp ! 0 and

s0s :¼ ss � ðk3ðq2=3Þ þ k3ðq1ÞÞ=2 / l2s as ls ! 0, in accordance with the estimates in Sections 4.3 and 4.4.

Remarkably, column 5 indicates superconvergence of the approximation of the primary shock speed, in

particular, s0p :¼ sp � ðk3ðq0Þ þ k3ðqIÞÞ=2 / l6p as lp ! 0. A tedious asymptotic expansion analysis conveys

that this superconvergence occurs exclusively for cp ¼ 7. A detailed exposition is beyond the scope of this
paper.

Fig. 4. Test case II: the shock/interface collision at t ¼ 0 induces a Riemann problem.
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Fig. 5. Test case II: computed result (markers only) and exact solution (solid line) at t ¼ 0:01. (a) Pressure (log-scale), (b) density (log-
scale), (c) momentum, (d) primary partial density.

Table 2

Errors p0, s0p and s0s for different shock strengths lp and ls

ppðq0Þ lp ls p0 s0p s0s

1þ 102 2:73399� 100 1:63994� 100 4:24266� 10�6 1:09924� 10�13 6:96208� 10�3
1þ 101 2:75718� 10�1 1:65388� 10�1 4:21251� 10�9 1:19356� 10�19 7:10475� 10�5
1þ 100 2:75954� 10�2 1:65530� 10�2 4:20939� 10�12 1:20356� 10�25 7:11930� 10�7
1þ 10�1 2:75978� 10�3 1:65544� 10�3 4:20907� 10�15 1:20456� 10�31 7:12075� 10�9
1þ 10�2 2:75980� 10�4 1:65545� 10�4 4:20904� 10�18 1:20466� 10�37 7:12090� 10�11
1þ 10�3 2:75980� 10�5 1:65545� 10�5 4:20904� 10�21 1:20467� 10�43 7:12091� 10�13
1þ 10�4 2:75980� 10�6 1:65545� 10�6 4:20904� 10�24 1:20468� 10�49 7:12091� 10�15
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6. Conclusions

We presented a non-oscillatory method for barotropic two-fluid flows, founded on a formulation of the

two-fluid flow problem as a system of hyperbolic conservation laws. The conservative form of the two-fluid

flow problem is well suited to treatment by a Godunov-type method. We considered an approximate

Riemann solver for barotropic two-fluid flows, based on the rarefaction-waves-only approximation that

underlies Osher�s scheme. We established that the interface appears as a contact discontinuity, both in the
exact solution and in the rarefaction-waves-only approximation. This implies compliance with the interface
conditions.

Numerical results were presented for two Riemann problems, viz., a translating-interface test case and a

shock/interface-collision test case. The first test case confirms the pressure invariance of the method. The

second test case confirms its conservation properties. In both cases, the computed results agree well with the

exact Riemann solution. Furnished with different settings, the second test case also confirms the anticipated

asymptotic behavior of the error in the approximate intermediate states and in the shock-speed approxi-

mation underlying the modified Osher scheme, as the shock-strength vanishes.
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